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INTRODUCTION 
Let (R, M) be a commutative local (Noetherian) ring having an infinite 
residue field. Assume that Z is a proper ideal in R having analytic spread 
one. If Z is a regular ideal (regular ideal means Z contains a regular 
element) then there exists x E Z and an integer n 2 0 such that xl” = I”+ ‘. In 
this case it follows that x must be a regular element. If R is also assumed to 
be one-dimensional and Cohen-Macaulay, then the smallest integer n with 
the above property has been studied. In particular, Lipman [Ll] considers 
the situation where one may choose n to be 1. He characterizes Arf rings by 
the condition that for every integrally closed regular ideal Z, xl= Z* for 
some x E Z (note that every regular ideal of R has analytic spread one). In 
addition, he observes that e(R) < 2 implies Arf (e(R) = the multiplicity of 
R). Sally and Vasconcelos [SV] later show that in fact every regular ideal 
satisfies the condition that xl= Z* for some x E Z, whenever e(R) < 2. In this 
article we establish that for higher dimensional local rings such that 
e(R) < 2, one can often choose n to be 1. More specifically, let (R, M) be a 
quasi-unmixed analytically unramilied local ring having infinite residue 
field. If R contains a field of characretistic # 2 and e(R) < 2, then every 
analytic spread one regular ideal has the property that xl= f for some 
x E Z (this is the statement of Theorem 2.5). 
Let (R, M) be a one-dimensional Cohen-Macaulay local ring with 
e(R) = e arbitrary. Eakin and Sathaye [ES] prove that for any regular 
ideal Z of R there exists x E Z such that xl+ ’ = I’ (see observation 1.2), 
extending the above result of Sally and Vasconcelos. We leave as a 
question whether or not a parallel result holds in higher dimensions. 
The paper is divided into three sections. Section 1 contains background 
material, including definitions and a brief discussion of the one-dimensional 
case. Section 2 is devoted to proving Theorem 2.5. In Section 3 we review 
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the definition of A*(Z) (the asymptotic prime divisors of I) and indicate 
how Theorem 2.5 may be used to determine this set in terms of a fixed 
power of I. 
The author is grateful to his advisor W. Heinzer, as well as to C. Huneke. 
Their help and enthusiasm are greatly appreciated. 
1. BACKGROUND 
All rings are assumed to be commutative Noetherian rings containing an 
identity element. We denote by e(R) the multiplicity of a local ring, and by 
u(Z) the minimal number of generators for an ideal in a local ring. If a 
proper ideal contains a regular element we call it a regular ideal. 
Let (R, M) be a local ring having an infinite residue field and suppose Z 
is an ideal in R. An ideal JE Z is called a reduction if there exists a non- 
negative integer r such that JI’ = I’+‘. A reduction is termed minimal if it 
contains no proper reduction of itself. Northcott and Rees [NR, Sect. 2, 
Theorem l] show that minimal reductions exist, and introduce the related 
notion of analytic spread. We denote the analytic spread of Z by Z(Z) and 
define it by Z(Z)=dim(R/M@Z/Z2M@Z2/Z3M@ . ..). By [NR, Sect. 4, 
Theorem l] this number is equal to the number of elements in a minimal 
generating set for a minimal reduction of Z. 
DEFINITION. If (R, M) is a local ring and Z is a nonzero ideal of R, we 
define the reduction number of Z by r(Z) = min{n E Z+ u (0) 1 there exists a 
minimal reduction J of Z with JZ” = I”+‘}. 
Remarks. (1) If Z(Z) = 0 then Z is nilpotent and r(Z) = 
min(n- 1 1 neZ+ and Z”=O}. 
(2) If Z is a minimal reduction of itself then r(Z) = 0. 
(3) If Z(Z) = 1, Z is a regular ideal and xR c Z is any minimal reduc- 
tion of Z, then r(Z) = { minnEZ+ u (0) 1 xl”=I”+‘}. 
Alternatively, any two minimal reductions produce the same reduction 
number. 
Proof of (3). Let xR and yR be minimal reductions of Z and suppose n 
and m are minimal with respect o xl” = Z” + ’ and yP = P + ‘. We assume 
m >n and derive the contradiction that yZ”-’ =Z”‘. Clearly yZ”-’ cr”. 
Let ZE Z”’ and notice that xP”-’ = Z”’ since m > n. Writing z =xw where 
WEP-’ we see that zZ= xwlc Z”‘+’ - yP” = yxP- i. Since x is a regular 
element, wlc ylm-l. In particular wx =ZE yr”-i. 1 
Recall that an element y E R is said to be integral over an ideal Z if y 
satisfies an equation of the form ym+al y”-‘+ ... +a,-, y+a,=O 
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where aj E Ii, j = l,..., m. The integral closure of I, denoted by (I)‘, is the set 
of elements of R which are integral over I, and is itself an ideal of R. A 
useful equivalence involving reductions is that JE I is a reduction of I if 
and only if (J)‘= (I)’ (see [NR, Sect. 7, Theorem 33 for the proof in the 
case where I is a regular ideal, and use [L2, Lemma 1.11 for the general 
case). Consider the set A(R) = {I 1 I is an ideal of R and Z(I) = 1). If 
IE A(R) then there exists x E I which is a minimal reduction of 1, hence 
(xR)‘= (1)‘. If, in addition, x is a regular element, then it holds that 
xR’ n R = (xR)’ (R’ means the integral closure of R in its total quotient 
ring). It follows easily that IR’ = xR’. Thus, if R is normal and IE A(R) is a 
regular ideal, then I is principal and r(1) = 0. Examples of non-principal 
analytic spread one ideals are easily found; e.g., let R = k[ [x2, x3y, y] 1, k a 
field, and let I= (x2, x3y)R. 
Suppose (R, M) is a one-dimensional Cohen-Macaulay local ring with 
infinite residue field. Since I(I) < dim R [M, Lemma 4.31, every regular 
ideal is a member of A(R). Following Lipman [Ll ] we call an ideal stable 
if r(I) d 1. He considers the condition on R that every integrally closed, 
regular ideal be stable, and uses this condition to characterize Arf rings 
(see [Ll, Theorem 2.23) (Lipman is actually working with semilocal rings, 
but here we are concerned only with local rings). He also observes that if 
e(R) < 2 then R is an Arf ring [Ll, Example, p. 6641. Stated another way, 
if e(R) < 2 then every integrally closed regular ideal is stable. In fact, more 
is true. In [SV, p. 3241, Sally and Vasconcelos define the index of stability 
of R by s(R)=sup{n(l)} w h ere I ranges over all regular ideals of R and 
n(I)= min{nEZ+ ) I” is stable}. They obtain the following result: 
THEOREM [SV, Theorem 2.51. Let (R, M) be a one-dimensional 
CohenMacaulay local ring. Then s(R) < max { 1, e(R) - 11. 
In particular, if e(R) < 2 then every regular ideal is stable. Below we will 
investigate in higher dimensions when the property that xl= I2 holds for 
all regular analytic spread one ideals. 
In [ES] Eakin and Sathaye produce a result which we will find use for 
in Sections 2 and 3. Here we state a special case of their theorem. 
THEOREM 1.1 [ES, Theorem 11. Let (R, M) be a local ring with an 
infinite residue field and suppose I E A(R). If there is a positive integer n such 
that v(I”) < n then there exists x E I such that XT”- ’ = I”. 
OBSERVATION 1.2. Assume (R, M) is one-dimensional and Cohen- 
Macaulay in the theorem. By [R] (see also [ SV, Theorem 1 .l I), if IE A(R) 
is a regular ideal then v(I”~)) < e(R). By Theorem 1.1 it follows that 
r(I) d e(R) - 1. 
481/108/2-15 
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2. MAIN RESULT 
In this section we determine conditions on a d-dimensional ocal ring 
which force r(Z) < 1 for every regular ideal Z in A(R). The following lemma 
is elementary, but central in the proof of our main result. 
Lemma 2.1. Let (R, M) be a local ring having integral closure (in its 
total quotient ring) R’. Suppose there is an element ME R’ such that { 1, u} 
generates R’ as a module over R and a2 E R. If I is an ideal of R such that 
IR’ = xR’ for some x E I, then XI = 12. 
Prooj Write IR’ = xR’ and I= (a, ,..., a,,). Then aiE xR’ so we may 
write ai= x(b,+ c,a) where b;, CUE R. Upon substitution Z becomes 
I= (x, x(b, + ~,a),..., x(b, + c,a)) (note that throwing in x changes 
nothing). Since hi, CUE R we rewrite I as follows; 
I= (x, xc, a ,..., xc,a) = (x, xa[c, ,..., c,]) = (x, xaJ), 
where J is an ideal in R. Squaring I yields 
Z2 = (x2, x2aJ, x2a2J2) = (x2, x2aJ) =x(x, xaJ) = xl. m 
Next we develop a series of propositions which lead to Theorem 2.5. 
PROPOSITION 2.2. Let (R, M) be a complete Cohen-Macaulay local 
domain such that e(R) 6 2. Assume that R contains a field of characteristic 
22. Then there exists a generating set { 1, a 1 for R’ over R such that a2 E R. 
Proof: If e(R) = 1 then R is regular (see [N, (40.6)]), hence R = R’, so 
assume e(R) = 2 and let d= dim R. Since R is Cohen-Macaulay we know 
from [A(l)] that v(M) <d+ 2- 1 =d+ 1, and since R is not regular, 
u(M) = d + 1. Let K be a coefficient field of R and write M = (a, ,..., ad + , ). 
By Cohen’s structure theorem [N, Theorem 31.11 R z K[[al ,..., ad+ ,]I, 
hence R is a homomorphic image of K[[x,,..., x~+~]] where the xls 
are variables over K. Thus Rz K[[x,,..., xd+ ,]]/P where P is a prime 
ideal, and since dim R = d, P is a height one prime. Thus 
P= (f 1 KCCx,,..., xd+, ]] where f is an irreducible power series in 
x1 ,.-., xd+ 1. We plan to find a generating set for R’ over R through analysis 
of J Since e(R) = 2, the order off is 2[N(40.2)]. Hence f has a quadratic 
term as its leading form. After a change of variables (see the proof of [ZS, 
Lemma 3, p. 1471) we may assume that the leading form off has a term of 
the type xi. Applying a corollary of the Weierstrass preparation theorem 
[ZS, Corollary 2, p. 1451, there exists F,(x, ,..., x4+ ,), F’,,(x2 ,..., xd+ ,) and 
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E(x, ,..., xd+ ,) in K[[x ,,..., xd+ i]] such that E is a unit and 
f = E(x: + F, x1 + F,), hence 
R z K[ [x, ,..., xd+ 1 1l/~~:+~,~,+~~~~CC~,~...~~,+,ll. 
Since characteristic K # 2 we may complete the square and make another 
change of variables to obtain 
R 1 KC Cu, x2,..., xd+ I 1 l/(u’ + B) KC Cu, x2,..., xd+ I 1 I, 
where ZJ is a new variable and B(x, ,..., xd+ i)~ K[[x2 ,..., xd+I]]. The next 
step is to write B = h2g where 
and g is square-free. Then 
R g K[ Cu, X2,.-, xd+, 1 I/@’ + h2g) KC [u, x29-9 xd+ 111. 
We consider the ring extension R[u’/h’] where “I” denotes image modulo 
(U’ + h2g) KC Cu, X2,--, xd+, I]. Note that since u//h’ is integral over R, 
R[u’/h’] is a finite R-module, hence complete. Therefore 
Since g is square-free and K[ [u/h, x 2,..., xd+ i]] is a unique factorization 
domain this ring is normal [F, Lemma 11.11. Therefore R’ = R[u’/h’] and 
it is clear that { 1, u’/h’} generates R’ over R (as a module) while (u’/h’)2 = 
g’ E R. This concludes the proof of Proposition 2.2. 1 
In order to apply Proposition 2.2 to non Cohen-Macaulay complete 
local domains we establish the next result. 
PROPOSITION 2.3. *Let (R, M) be a complete local domain containing an 
infinite field of characteristic 22. If e(R) = 2 then there exists a Cohen- 
Macaulay complete local domain T G R such that e(T) = 2 and T’ = R’. 
Proof. Let K be a coefficient field of R and assume dim R = d. Let 
4 = (x1 ,*--, x,)R be a minimal reduction of M (we can find this since 
I(M) = d). By [NR, Sect. 6, Theorem 21, e(q) = e(R). Furthermore, since 
x1 ,..., xd are analytically independent, K[ [xi ,..., xd]] is a regular local ring. 
Let S= K[[x,,..., xd]]. Observe that since q’= A4, the local domain 
K[ [Ml] is a finite integral extension of S, and by Cohen’s structure 
theorem [N, Theorem 31.11 Rz K[[M]]. Thus R is a finite integral 
extension of S. By [ZS, Corollary 2, p. 3001, [R : S] = e(q)[K : K] = 2 
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where [R : S] = the maximum number of elements of R which are linearly 
independent over S. Let L and F denote, respectively, the quotient fields of 
R and S. To get T we will make a quadratic extension of S. 
Observe first that [R : S] = [R,:S,] where W= S\(O), and that 
R, = L. From this it follows that [L : F] = 2, hence every element of L is 
quadratic over F and L = F(a) for any c( E L/F. 
Now choose p E R\F. As j3 is quadratic over F we may assume by com- 
pleting the square (here we are using that characteristic K # 2) that fi2 E F. 
Thus B2 = b/c where b, c E S. It follows that c2p2 E S and since b $ F, c/I $ F. 
Let u = c/?. Then c1 has the property that ME R\F and a’~,!?. Let 
T= S[rx] z S[ [ U]]/( U2 - a’) S[ [ U]] where U is a new variable. Then T 
is Cohen-Macaulay and e(T) = 2 [N(40.2)]. Furthermore, T and R have 
the same quotient field since L = F(E). Therefore T = R’ and the proof is 
completed. 1 
Finally, we consider the case where R is reduced (not necessarily a 
domain) and complete. Recall that a local ring (R, M) is said to be quasi- 
unmixed if for every minimal prime ideal P of ff (J? = the M-adic com- 
pletion of R) we have dim(&p)=dim(ff). 
PROPOSITION 2.4. Let (R, M) be a reduced quasi-unmixed complete local 
ring which is not a domain, such that e(R) = 2 and 2 is a unit in R. Let R’ 
denote the integral closure of R in its total quotient ring. Then there exists 
c( E R’ such that { 1, a> generates R’ as a module over R and ~1~ E R. 
Proof Since R is quasi-unmixed all its minimal primes have the same 
dimension. By [N, (23.5)] it follows that 2 = e(R) = C e(R/P) where P 
ranges over all minimal primes of R. Thus R has at most two minimal 
primes and since R is reduced it must have exactly two minimal primes, say 
P, and P,. Furthermore, R/P, and R/P, are regular local rings (hence nor- 
mal) because from above it follows that e(R/P,) = e(R/P,) = 1. Since 
P, n P, = 0, the total quotient ring of R is T(R) = K, @ K2 where Ki = the 
quotient field of R/P,. It follows that R’ z (R/P,)’ @ (R/P,)’ 2 
R/P, 0 R/P,. We may identify R with its image under the diagonal 
embedding R + R/P, 0 R/P,. Thus (a, b) E R/P, 0 R/P, is in R if and only 
if a = b. 
Identify 1 with (1, 1) and set c1= (- 1, 1). Then it follows that { 1, a} 
generates R’ over R, and a2 E R. 1 
We are now prepared to prove the main result concerning the reduction 
number of a regular analytic spread one ideal. Recall that a local ring 
(R, M) is said to be analytically unramilied if ff is reduced. 
THEOREM 2.5. Let (R, M) be a quasi-unmixed analytically unramtyied 
local ring having infinite residue field. Assume that R contains a field of 
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characteristic 22 and that e(R) < 2. If Z is a regular ideal of analytic spread 
one then r(Z)< 1. 
Proof. If e(R) = 1 then R is a regular local ring, hence Z is principal and 
r(Z) = 0. Assume e(R) = 2. Since Z is a regular ideal there exists x E Z such 
that xR’ = ZR’ and this equality extends to the completion to give 
x(R)’ = Z(R)‘. Furthermore, e(R) = e(R) since M’/M’+ ’ = Ri/A?’ ’ for all i. 
Assume first that Z? is a domain. 
By Proposition 2.3 there exists a Cohen-Macaulay complete local 
domain Tc R such that e(T) = 2 and T = (2)‘. By Proposition 2.2 there is 
an element a E T’ such that oz2 E T and { 1, a} generates T’ over T. But this 
same set generates (R)’ over R, therefore xZR = Z2R by Lemma 2.1. By the 
faithful flatness of R + Z? it follows that xl= Z*, implying that r(Z) d 1. Next 
we assume Z? is not a domain. As R is analytically unramified Z? is reduced, 
therefore by Proposition 2.4 there exists a generating set { 1, oz} for (R)’ 
over r? with IX’ E R. By applying Lemma 2.1 and faithful flatness again, we 
get xl= Z*. Therefore r(Z) 6 1 and the proof is finished. 1 
Observation 1.2 shows that if R is one-dimensional Cohen-Macaulay 
with e(R) = e, and Z is a regular ideal of R, then xl’- ’ = I’ for some x E I. 
We have seen that under more restrictive assumptions, among them that 
e(R) 6 2, a parallel result holds in higher dimensions. This raises a natural 
question which we have been unable to answer. 
QUESTION 2.6. Zf (R, M) is as in Theorem 2.5 with e(R) = e arbitrary, is 
it true that r(Z) <e - 1 for every regular ideal of analytic spread one? 
The following observation answers the question for a special case. 
PROPOSITION 2.7. Let (R, M) be a quasi-unmixed local ring having 
infinite residue field and assume e(R) = e. Suppose Z is a regular ideal and 
x E Z such that xR’ = ZR’. Zf xl’- ’ has no embedded primes then XI’-’ = I’. 
Proof We always have xl’- ’ c I’. In order to prove I’ c xl’~ ’ it suf- 
fices to show that Z’R, c xl ‘+‘Rp for every P E Ass(R/xZ’- I). Let 
Ass(R/xZ’- ‘) = {P, ,..., P,}. Then height (P,) = 1 hence R,, is one-dimen- 
sional Cohen-Macaulay for each i. Furthermore e(R,) <e by [N, (34.5) 
and (40.1)]. Therefore by Observation 1.2, there exists xjo ZR,, such that 
xiZe- lRp, = Z=R,. By Remark (3) in section one it follows that 
xl’- IR,, = IeRr.< for i= l,..., n and the proof is finished. 1 
Remarks 2.8. (1) The condition in Proposition 2.7 that xl’- ’ have no 
embedded primes is satisfied whenever xl’-’ is integrally closed, and R, is 
quasi-unmixed for all P E Spec( R). 
Proof Since Z(xZ+ ‘R,) = 1 for every prime ideal P containing xl’- ‘, 
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[M, Propositions 4.1 and 3.91 imply that .ul’~~ ’ has no embedded 
primes. 1 
(2) If R is Cohen-Macaulay in Proposition 2.7, then xZ+ ’ has no 
embedded primes whenever I’- ’ is integrally closed. 
Proof Consider the exact sequence 
O-R/Z+‘--‘- R/xF’- RIxR-0. 
From this it follows that 
Ass(R/xl’- ‘) c Ass(RfI’- ‘) u Ass(R/xR). 
As in Remark (l), I’- ’ has no embedded primes since it is integrally 
closed, and since R is Cohen-Macaulay xR has no embedded primes. 1 
For an example of an ideal which does not tit the hypotheses of 
Proposition 2.7, but still satisfies the conclusion, see [H, Example 1.33 (the 
ring in this example is not local but one may localize). 
3. OBSERVATIONS ON A*(Z) 
Our aim here is to apply Theorem 2.5 and some results mentioned in sec- 
tion one to a problem concerning asymptotic prime divisors. 
Let R be any Noetherian ring and Z an ideal of R. Consider the sets 
{Ass R/Z”} for n = 1, 2,... In [B] Brodmann shows that this sequence of 
sets stabilizes, and following McAdam [M] we call the stabilized set ,4*(Z). 
The members of A*(Z) are called asymptotic prime divisors of I. It is easily 
verified that any minimal prime over ideal of Z is in A*(Z). It can happen 
that ,4*(Z) # Ass(R/Z) as we shall see below. A natural problem is to try 
and determine the integer m for which A*(Z)= Ass(R/r”). While the 
general problem is apparently hard, the case where Z has a principal reduc- 
tion is more approachable. The following simple lemma serves as a starting 
point. 
LEMMA 3.1. Let R be a Noetherian ring and Z a regular ideal of R con- 
taining a regular element x for which XT” ~ ’ = I”, n an integer greater than 
zero. Then P E A *(I) if and only f P E Ass(RII”). 
Proof: Let P be a prime ideal containing I. Observe that PEA*(Z) if 
and only if PR,eA*(ZR,) and PEAss(R/Z”) if and only if 
PR,E Ass(R,/I”R,). Thus we may assume R is local with maximal ideal P. 
Assume PE A*(Z)\Ass(R/I”). Let m > n be minimal such that 
PE Ass(R/r). Then we may write P = (I” : d) where de R\Z”‘. We claim 
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that P E Ass(R/Z”- ‘) which will contradict the minimality of m. If d$ Z”- ’ 
then P = (Z”-’ : d) because we always have PC (I”- ’ : d). Hence we 
assume that dE Z’+ ‘. Using that m > n we may write xr”-* = I”- ‘, so that 
d= xr where r E r”- 2. Since x is a regular element, the containment 
xrP = dPc r” = xZ”-’ implies that PC (Z”- ’ : r). On the other hand, 
r $ r”- ’ since d t# r” and it follows that P = (r” ~ ’ : r). 
Conversely, assume P E Ass(R/Z”) and write P = (I” : d) where dE R\I”. 
We claim that P= (P+k : xkd) for every k 2 0. This follows easily from the 
equality r + k = xkT” and the knowledge that x is a regular element. 1 
The following corollary is immediate from Theorem 2.5 and Lemma 3.1. 
COROLLARY 3.2. Let (R, M) be a quasi-unmixed analytically unramzjied 
local ring having injinite residue field. Assume that R contains a field of 
characteristic f2 and that e(R) < 2. If IE A(R) is a regular ideal and P is a 
prime ideal containing I then PEA*(I) ifand only if PE Ass(R/12). 
EXAMPLE 3.3. Let R = K[ [x2, x3y, x5, y]] where K is a field and x, y 
are indeterminates. Let M = (x2, x3y, x5, y)R and P = (x2, x3y, x’)R. Then 
Ass(R/P) = {P} # A*( P} = {P, M} = Ass(R/P2), consequently Ass(R/P) is 
strictly contained in A*(P). 
Proof: Observe that P is a prime ideal and R’= K[ [x, y]], hence 
{ 1, x> generates R’ over R. By Lemma 2.1 (or direct computation) 
x2P = P2, which implies by Lemma 3.1 that A*(P) = Ass(R/P’). Since 
M = (P’ : x’) it follows that ME Ass(R/P2). 1 
The inclusion Ass(R/I) c A*(I) can also fail to hold as the next example 
shows. It is a special case of an example given by Brodmann. 
EXAMPLE 3.4 [B, Example, p. IS]. Let K be a field and x and y 
indeterminates. Let R’ = K[x, y], M= (x3, y)R’ and R = K+ M. If 
I= (x”, x4)R then ME Ass(R/I)\A*(I). 
Proof. Since M = (I : x5), ME Ass(R/I). On the other hand, 
P = x3”R’ n R for n >, 2. Therefore Z” is primary as it is the contraction of a 
primary ideal. It follows that M$ Ass(R/Z”) for n > 2, therefore 
M4A*U). 1 
Suppose (R, M) is a 2-dimensional local ring and e(R) = e. If I is a 
regular ideal of R then determining A*(I) amounts to showing whether or 
not ME A*(I). Assume R is also Cohen-Macaulay. If l(I) = 2 then 
MczAss(R/I”) for all nae [M, Proposition4.8], hence A*(I)= 
Ass(R/P) = {M, P, ,..., P,} where P, ,..., P, are the minimal prime over 
ideals of I. If R contains a field of characteristic 22, R/M is infinite, e d 2 
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and I(I) = 1 then A*(I) = Ass(R/I’) by Corollary 3.2. The next proposition 
extends this last statement and determines A*(I) in case R is Cohen- 
Macaulay having an infinite residue field, and I is a regular ideal. 
PROPOSITION 3.5. Let (R, M) be a 2-dimensional Cohen-Macaulay local 
ring having an infinite residue field and a.wume e(R) = e. If IE A(R) is a 
regular ideal then M E A *(I) if and only if M E Ass( R/I’). 
Proof Assume first that ME A*(I)\Ass(R/I’). Then R/I’ is 
Cohen-Macaulay hence by [R] (see also [ SV, Theorem 1.11) v(F) < e. By 
Theorem 1.1 there exists xeI such that XI”-’ =I’, consequently 
Lemma 3.1 implies M$ A*(I). This contradiction proves that 
ME Ass( R/I’). 
Conversely, assume ME Ass(R/I’)\A*(I). Let m > e be minimal such 
that M$ Ass(R/I”‘) so that ME Ass(R/I+ ‘)\Ass(R/I”‘). Once again we 
apply the results of Rees [R], and Eakin and Sathaye (Theorem 1.1) to 
obtain XI”-‘=I”’ for some XEI. Write M=(I’+‘:d) where deR\I”-‘. 
It follows that M= (r” : dx), a contradiction. Therefore ME A*(I). 1 
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